The Normal Distribution
Continuous Distributions

A continuous random variable is a variable whose possible values form some interval of
numbers. Typically, a continuous variable involves a measurement of something, such as the
height of a person, the weight of a newborn baby, or the length of time a car battery lasts.

EXAMPLES:

1. Let x = the amount of milk a cow produces in one day. This is a continuous random variable
because it can have any value over a continuous span. During a single day, a cow might yield
an amount of milk that can be any value between 0 gallons and 5 gallons. It would be possible
to get 4.123456 gallons, because the cow is not restricted to the discrete amounts of 0, 1, 2, 3,
4, or 5 gallons.

2. The measure of voltage for a smoke-detector battery can be any value between 0 volts and
9 volts. It is therefore a continuous random variable.

In the histograms we have seen thus far, the frequencies, percentages, proportions, or proba-
bilities were represented by the heights of the rectangles, or by their areas. In the continuous
case, we also represent probabilities by areas — not by areas of rectangles, but by areas under
continuous curves.
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Continuous curves such as the one shown on the right are the graphs of functions called prob-
ability densities, or informally, continuous distributions. Probability densities are charac-
terized by the fact that the area under the curve between any two values a and b gives the
probability that a random variable having this continuous distribution will take on a value on
the interval from a to b.

The total area under the curve must equal 1

EXAMPLE: Verify that f(x) = T can serve as the probability density of a random variable

defined over the interval from x = 0 to x = 4. Then find the probabilities that a random
variable having the given probability density will take on a value

(a) less than 2;

(b) less than or equal to 2.



The Normal Distribution

Normal distributions are extremely important because they occur so often in real applications
and they play such an important role in methods of inferential statistics.

If a continuous random variable has a distribution with a graph that is symmetric and bell-
shaped, as in the Figure on the right, and it can be described by the function
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we say that it has a normal distribution.

Standardizing a Normally Distributed Variable

Now the question is: How do we find areas under a normal curve? Conceptually, we need a
table of areas for each normal curve. This, of course, is impossible because there are infinitely
many different normal curves — one for each choice of ; and 0. The way out of this diffi-
culty is standardizing, which transforms every normal distribution into one particular normal
distribution, the standard normal distribution.

A normally distributed variable having mean 0 and standard deviation 1 is
said to have the standard normal distribution. Its associated normal curve
is called the standard normal curve, which is shown in the Figure below.

Standardized Normally Distributed Variable
The standardized version of a normally distributed variable x,
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has the standard normal distribution.

We can interpret the above statement in several ways. Theoretically, it says that standardizing
converts all normal distributions to the standard normal distribution, as depicted in the Figure
below.
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Basic Properties of the Standard Normal Curve:

Property 1: The total area under the standard normal curve is 1.

Property 2: The standard normal curve extends indefinitely in both directions,
approaching, but never touching, the horizontal axis as it does so.

Property 3: The standard normal curve is symmetric about 0.

Property 4: Almost all the area under the standard normal curve lies between
-3 and 3.

Areas Under the Standard Normal Curve

EXAMPLES: Determine the area under the standard normal curve.
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EXAMPLE: Find z if

(a) the standard-normal-curve area between 0 and z is 0.4484
(b) the standard-normal-curve area to the left of z is 0.9868

Solution:
(a) z=1.63

(b) 0.9868 — 0.5000 = 0.4868 — 2z =12.22

EXAMPLE: Find z if the standard-normal-curve area
(a) between 0 and z is 0.4788

(b) to the left of 2z is 0.8365

(c) between —z and z is 0.8584

(d) to the left of z is 0.3409



EXAMPLE: Find z if the standard-normal-curve area
(a) between 0 and z is 0.4788

(b) to the left of z is 0.8365
(c) between —z and z is 0.8584
(d) to the left of 2z is 0.3409

Solution:
(a) z =2.03

(b) 0.8365 — 0.5 = 0.3365 = 2z =0.98
(c) 0.8584/2 = 0.4292 = z =147
(d) 0.5 —0.3409 = 0.1591 = z=—0.41

EXAMPLE: If a random variable has the normal distribution with g = 82.0 and o = 4.8, find
the probabilities that it will take on a value

(a) less than 89.2
(b) greater than 78.4
(c) between 83.2 and 88.0

(d) between 73.6 and 90.4



EXAMPLE: If a random variable has the normal distribution with p = 82.0 and o = 4.8, find
the probabilities that it will take on a value

(a) less than 89.2

(b) greater than 78.4

(c) between 83.2 and 88.0
(d) between 73.6 and 90.4

Solution:
(a) We have
89.2 — 82
=— =15

N 18
therefore the probability is 0.4332 + 0.5 = 0.9332.
(b) We have

78.4 — 82
=——=-0.75
: 18
therefore the probability is 0.2734 + 0.5 = 0.7734.
(c) We have
83.2 — 82 88 — 82
2z = YT =025 and 2y = 18 =1.25
therefore the probability is 0.3944 — 0.0987 = 0.2957.
(d) We have
73.6 — 82 90.4 — 82
2 = i3 =—1.75 and 2z = 18 =1.75

therefore the probability is 0.4599 + 0.4599 = 0.9198.



Applications of the Normal Distribution

EXAMPLE: Intelligence quotients (IQs) measured on the Stanford Revision of the Binet-Simon
Intelligence Scale are normally distributed with a mean of 100 and a standard deviation of 16.
Determine the percentage of people who have IQs between 115 and 140.

Solution: We have

115 — 100 140 — 100
a=——g = 0.9375 and 2z, = — 16 - 2.5

therefore the probability is 0.4938 — 0.3264 = 0.1674. It follows that 16.74% of all people have

IQs between 115 and 140. Equivalently, the probability is 0.1674 that a randomly selected

person will have an IQQ between 115 and 140.

EXAMPLE: One of the larger species of tarantulas is the Grammostola mollicoma, whose
common name is the Brazilian giant tawny red. A tarantula has two body parts. The anterior
part of the body is covered above by a shell, or carapace. From a recent article by F. Costa
and F. Perez-Miles titled Reproductive Biology of Uruguayan Theraphosids (The Journal of
Arachnology, Vol. 30, No. 3, pp. 571-587), we find that the carapace length of the adult male
G. mollicoma is normally distributed with mean 18.14 mm and standard deviation 1.76 mm.

(a) Find the percentage of adult male G. mollicoma that have carapace length between 16 mm
and 17 mm.

(b) Find the percentage of adult male G. mollicoma that have carapace length exceeding 19
mm.



EXAMPLE: One of the larger species of tarantulas is the Grammostola mollicoma, whose
common name is the Brazilian giant tawny red. A tarantula has two body parts. The anterior
part of the body is covered above by a shell, or carapace. From a recent article by F. Costa
and F. Perez-Miles titled Reproductive Biology of Uruguayan Theraphosids (The Journal of
Arachnology, Vol. 30, No. 3, pp. 571-587), we find that the carapace length of the adult male
G. mollicoma is normally distributed with mean 18.14 mm and standard deviation 1.76 mm.

(a) Find the percentage of adult male G. mollicoma that have carapace length between 16 mm
and 17 mm.

(b) Find the percentage of adult male G. mollicoma that have carapace length exceeding 19
mm.

Solution:

(a) We have

16 — 18.14 17— 18.14
= """~ 122 and = ———F— ~—065
-1 1.76 and. = 1.76

therefore the probability is 0.3888 — 0.2422 = 0.1466. It follows that 14.66% of adult male G.
mollicoma have carapace length between 16 mm and 17 mm. Equivalently, the probability is
0.1466 that a randomly selected adult male G. mollicoma has carapace length between 16 mm
and 17 mm.

(b) We have
19— 18.14

1.76

therefore the probability is 0.5 — 0.1879 = 0.3121. It follows that 31.21% of adult male G.
mollicoma have carapace length exceeding 19 mm. Equivalently, the probability is 0.3121 that
a randomly selected adult male G. mollicoma has carapace length exceeding 19 mm.
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EXAMPLE: As reported in Runner’s World magazine, the times of the finishers in the New
York City 10-km run are normally distributed with mean 61 minutes and standard deviation 9
minutes.

(a) Determine the percentage of finishers with times between 50 and 70 minutes.

(b) Determine the percentage of finishers with times less than 75 minutes.



EXAMPLE: As reported in Runner’s World magazine, the times of the finishers in the New
York City 10-km run are normally distributed with mean 61 minutes and standard deviation 9
minutes.

(a) Determine the percentage of finishers with times between 50 and 70 minutes.

(b) Determine the percentage of finishers with times less than 75 minutes.

Solution:
(a) We have

50 — 61 70 — 61

7 = 9 ~—122 and 2z = 5 =1
therefore the probability is 0.3888 + 0.3413 = 0.7301 = 73.01%.
(b) We have
— 61
z = & 5 0 = 1.5556

therefore the probability is 0.5 + 0.4406 = 0.9406 — 94.06%.

EXAMPLE: An article by S. M. Berry titled “Drive for Show and Putt for Dough” (Chance,
Vol. 12(4), pp. 50-54) discussed driving distances of PGA players. The mean distance for
tee shots on the 1999 men’s PGA tour is 272.2 yards with a standard deviation of 8.12 yards.
Assuming that the 1999 tee-shot distances are normally distributed, find the percentage of such
tee shots that went

(a) between 260 and 280 yards.

(b) more than 300 yards.



EXAMPLE: An article by S. M. Berry titled “Drive for Show and Putt for Dough” (Chance,
Vol. 12(4), pp. 50-54) discussed driving distances of PGA players. The mean distance for
tee shots on the 1999 men’s PGA tour is 272.2 yards with a standard deviation of 8.12 yards.
Assuming that the 1999 tee-shot distances are normally distributed, find the percentage of such
tee shots that went

(a) between 260 and 280 yards.
(b) more than 300 yards.

Solution:
(a) We have
260 — 272.2 280 — 272.2
1 = ST ~—1.5 and 9 = 8T ~ 0.96

therefore the probability is 0.4332 + 0.3315 = 0.7647 — 76.47%.

(b) We have

_ 300 — 272.2 ~ 349
8.12

therefore the probability is 0.5 — 0.4997 = 0.0003 = 0.03%.
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Normal Approximation to the Binomial Distribution

EXAMPLE: Mortality tables enable actuaries to obtain the probability that a person at any
particular age will live a specified number of years. Insurance companies and others use such
probabilities to determine life-insurance premiums, retirement pensions, and annuity payments.

According to tables provided by the National Center for Health Statistics in Vital Statistics of
the United States, a person of age 20 years has about an 80% chance of being alive at age 65
years.

Suppose, for instance, that 500 people of age 20 years are selected at random. Find the
probability that

(a) exactly 390 of them will be alive at age 65.
(b) between 375 and 425 of them, inclusive, will be alive at age 65.

Solution: Let X denote the number of people of the 500 who are alive at age 65. Then X has the
binomial distribution with parameters n = 500 (the 500 people) and p = 0.8 (the probability
a person of age 20 will be alive at age 65). In principle, we can determine probabilities for X
exactly by using the binomial probability formula,

200
T

P(X =1) = ( )(O.S)I(O.Q)f’oo—ﬂc

(a) We have

P(X = 390) = (?,88) (0.8)°(0.2)1°

However, obtaining the numerical value of the expression on the right-hand side is not easy,
even with a calculator. Such computations often lead to roundoff errors and to numbers so
large or so small that they are outside the range of the calculator. Fortunately, we can sidestep
the calculations altogether by using normal-curve areas.

(b) We have

P(375 < X < 425) = P(X = 375) + P(X = 376) + ... + P(X = 425)

= (222) (0.8)37™(0.2)1% + (232) (0.8)376(0.2)' + ... + (igg) (0.8)3%9(0.2)™

Here we have the same computational difficulties as we did in part (a), except that we must
evaluate 51 complex expressions instead of 1. Again, the binomial probability formula is too
difficult to use, and we will need to use normal-curve areas.

EXAMPLE: A student is taking a true-false exam with 10 questions. Assume that the student
guesses at all 10 questions.

(a) Determine the probability that the student gets either 7 or 8 answers correct.

(b) Approximate the probability obtained in part (a) by an area under a suitable normal curve.
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EXAMPLE: A student is taking a true-false exam with 10 questions. Assume that the student
guesses at all 10 questions.

(a) Determine the probability that the student gets either 7 or 8 answers correct.

(b) Approximate the probability obtained in part (a) by an area under a suitable normal curve.

Solution: Let X denote the number of correct answers by the student. Then X has the binomial
distribution with parameters n = 10 (the 10 questions) and p = 0.5 (the probability of a correct
guess).

(a) Probabilities for X are given by the binomial probability formula

10
T

P(X =x)= ( )(0.5)96(1 —0.5)107"

Using this formula, we get the probability distribution of X, as shown in the Table below.
According to that table, the probability the student gets either 7 or 8 answers correct is

P(X=Tor8)=P(X =7)+P(X =8)=0.1172 4+ 0.0439 = 0.1611

(b) Referring to Table below, we drew the probability histogram of X. Because the probability
histogram is bell shaped, probabilities for X can be approximated by areas under a normal
curve. The appropriate normal curve is the one whose parameters are the same as the mean
and standard deviation of X, which are

pw=np=10-05=5

and

o=+/np(l —p)=+/10-0.5-(1 —0.5) = 1.58

Therefore, the required normal curve has parameters 4 =5 and ¢ = 1.58.

Number correct | Probability _
x P(X =x) PIX=x)
030 |- ,
0 0.0010 P(X=7or 8)
; gggzg 0.25 Normal curve [] Area under normal curve
: 0.20 - (u=5, 0=1.58) between 6.5 and 8.5
B 0.1172
4 0.2051 0.15
5 0.2461 -
6 02051 0.10 7
7 0.1172 0.05 [ =
8 0.0439 /%/
9 0.0098 0.00 = - T 5 10~
10 0.0010
6.5 8.5

The probability P(X = 7 or 8) equals the area of the corresponding bars of the histogram,
cross-hatched in the Figure above. Note that the cross-hatched area approximately equals the
area under the normal curve between 6.5 and 8.5.

The Figure makes clear why we consider the area under the normal curve between 6.5 and
8.5 instead of between 7 and 8. This adjustment is called the correction for continuity. It
is required because we are approximating the distribution of a discrete variable by that of a
continuous variable.

In any case, the Figure shows that P(X = 7 or 8) roughly equals the area under the normal
curve with parameters ;4 = 5 and ¢ = 1.58 that lies between 6.5 and 8.5. To compute this area,
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we convert to z-scores and then find the corresponding area under the standard normal curve.

We have 6.5 — 5 8.5 _ 5
z = 158 ~0.95 and 2z = 158

therefore the probability is 0.4868 — 0.3289 = 0.1579. This is close to P(X = 7 or 8), which, as
we found in part (a), is 0.1611.

~ 2.22

We can now write a general step-by-step method for approximating binomial probabilities by
areas under a normal curve.

To Approximate Binomial Probabilities by Normal-Curve Areas

Step 1 Find n, the number of trials, and p, the success probability.
Step 2 Continue only if both np and n(1 — p) are 5 or greater.
Step 3 Find i and o, using the formulas g = np and 0 = \/np(1 — p).

Step 4 Make the correction for continuity, and find the required area under
the normal curve with parameters g and o.

EXAMPLE: The probability is 0.80 that a person of age 20 years will be alive at age 65 years.
Suppose that 500 people of age 20 are selected at random. Determine the probability that

(a) exactly 390 of them will be alive at age 65.
(b) between 375 and 425 of them, inclusive, will be alive at age 65.
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EXAMPLE: The probability is 0.80 that a person of age 20 years will be alive at age 65 years.
Suppose that 500 people of age 20 are selected at random. Determine the probability that

(a) exactly 390 of them will be alive at age 65.
(b) between 375 and 425 of them, inclusive, will be alive at age 65.

Solution: We have n = 500 and p = 0.8, therefore
np =500-0.8=400 and n(l—p)=>500-0.2 =100

Both np and n(1 — p) are greater than 5, so we can continue. We get

p=np=400 and o= +/np(l —p)=+v500-0.8-0.2=28.94

To make the correction for continuity, we subtract 0.5 from 390 and add 0.5 to 390. Thus we
need to find the area under the normal curve with parameters p = 400 and o = 8.94 that lies
between 389.5 and 390.5. We have

389.5 — 400 390.5 — 400
=~ —1.17 d = ——~ —1.06
I 8.94 and = 8.94
therefore the probability is about 0.3790 — 0.3554 = 0.0236 that exactly 390 of the 500 people

selected will be alive at age 65.

Normal curve
(u =400, o =8.94)

| | | | |
1 400 x
389.5 390.5
117 -1.06 z

(b) To make the correction for continuity, we subtract 0.5 from 375 and add 0.5 to 425. Thus
we need to determine the area under the normal curve with parameters p = 400 and ¢ = 8.94
that lies between 374.5 and 425.5. As in part (a), we convert to z-scores

~374.5 — 400 425.5 — 400

_2fEo 72 o A zy= 22220780 o
1 8.04 85 and 2z 8.04 85

and then find the corresponding area under the standard normal curve. This area is 0.4978-2 =
0.9956. So, P(375 < X < 425) = 0.9956, approximately.

14



780 Appendix A Tables

Areas of the Standard Normal Distribution

The entries in this table are the
probabilities that a standard normal
| random variable is between 0 and z

0 7 (the shaded area).

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 .0000 .0040 .0080 .0120 .0160 .0199 .0239 .0279 .0319 .0359
0.1 .0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753
0.2 .0793 .0832 .0871 .0910 .0948 .0987 .1026 .1064 .1103 1141
0.3 1179 1217 1255 1293 1331 .1368 .1406 .1443 .1480 1517
0.4 .1554 1591 .1628 .1664 .1700 .1736 1772 .1808 .1844 .1879
0.5 1915 .1950 .1985 .2019 .2054 .2088 2123 2157 2190 2224
0.6 2257 2291 2324 2357 .2389 2422 .2454 .2486 2517 .2549
0.7 .2580 2611 2642 2673 2704 2734 2764 2794 2823 .2852
0.8 2881 2910 .2939 .2967 2995 .3023 3051 .3078 .3106 3133
0.9 3159 .3186 3212 3238 3264 .3289 3315 .3340 .3365 .3389
1.0 3413 .3438 3461 .3485 .3508 3531 .3554 3577 .3599 3621
1.1 .3643 .3665 .3686 .3708 3729 .3749 3770 .3790 .3810 .3830
1.2 .3849 .3869 .3888 .3907 3925 3944 .3962 .3980 3997 4015
1.3 4032 4049 4066 4082 4099 4115 4131 4147 4162 4177
1.4 4192 4207 4222 4236 4251 4265 4279 4292 4306 4319
1.5 4332 4345 4357 4370 4382 4394 4406 4418 4429 4441
1.6 4452 4463 4474 4484 4495 4505 4515 4525 4535 4545
1.7 4554 4564 4573 4582 4591 4599 4608 4616 4625 4633
1.8 4641 4649 4656 4664 4671 4678 4686 4693 4699 4706
1.9 4713 4719 4726 4732 4738 4744 4750 4756 4761 4767
2.0 4772 4778 4783 4788 4793 4798 14803 4808 4812 4817
2.1 4821 4826 14830 4834 4838 4842 4846 4850 4854 4857
2.2 4861 4864 4868 4871 4875 4878 4881 4884 4887 14890
2.3 4893 4896 4898 14901 4904 4906 4909 4911 4913 4916
2.4 4918 4920 4922 4925 4927 4929 4931 14932 4934 4936
2.5 4938 4940 4941 4943 4945 4946 4948 4949 4951 4952
2.6 4953 4955 4956 4957 4959 4960 4961 4962 4963 4964
2.7 4965 4966 4967 4968 4969 4970 4971 4972 4973 4974
2.8 4974 4975 4976 4977 4977 4978 4979 4979 4980 4981
2.9 4981 4982 4982 4983 4984 4984 4985 4985 4986 4986
3.0 4987 4987 4987 4988 4988 4989 4989 4989 4990 4990
3.1 4990 4991 4991 4991 4992 4992 4992 4992 4993 4993
3.2 4993 4993 4994 4994 4994 4994 4994 4995 4995 4995
3.3 4995 4995 4995 4996 4996 4996 4996 4996 4996 4997
3.4 4997 4997 4997 4997 4997 4997 4997 4997 4997 4998
3.5 4998
4.0 49997
4.5 499997
5.0 4999997

6.0 499999999




Tables T-3

Probability

Table entry for z is the
area under the

standard normal curve
to the left of z. z

TABLE A

Standard normal probabilities (continued)

Z .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .5000 .5040 .5080 5120 .5160 .5199 .5239 5279 5319 .5359
0.1 .5398 .5438 .5478 5517 .5557 .5596 .5636 .5675 5714 .5753
0.2 .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 6179 6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4 .6554 .6591 .6628 .6664 .6700 .6736 6772 .6808 .6844 .6879
0.5 6915 .6950 .6985 .7019 .7054 .7088 7123 7157 .7190 7224
0.6 7257 7291 7324 7357 7389 7422 7454 7486 517 7549
0.7 .7580 7611 7642 7673 7704 7734 7764 7794 .7823 .7852
0.8 .7881 7910 7939 7967 7995 .8023 .8051 .8078 .8106 .8133
0.9 .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1 .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2 .8849 8869 .8888 .8907 8925 8944 .8962 .8980 8997 9015
1.3 .9032 .9049 .9066 .9082 9099 9115 9131 9147 9162 9177
1.4 9192 .9207 9222 9236 9251 9265 9279 9292 .9306 9319
1.5 9332 .9345 9357 .9370 9382 .9394 .9406 9418 .9429 9441
1.6 9452 9463 9474 9484 .9495 .9505 9515 9525 .9535 .9545
1.7 .9554 9564 9573 .9582 9591 .9599 9608 9616 9625 9633
1.8 9641 .9649 9656 9664 9671 9678 9686 .9693 9699 9706
1.9 9713 9719 9726 9732 9738 9744 .9750 9756 9761 9767
2.0 9772 9778 9783 .9788 9793 .9798 .9803 .9808 9812 9817
2.1 9821 9826 9830 9834 9838 9842 .9846 .9850 .9854 9857
2.2 9861 .9864 9868 9871 9875 9878 .9881 .9884 .9887 .9890
2.3 9893 9896 .9898 .9901 .9904 .9906 .9909 9911 9913 9916
2.4 9918 .9920 9922 9925 9927 19929 9931 .9932 9934 9936
2.5 19938 .9940 9941 .9943 .9945 .9946 9948 .9949 9951 .9952
2.6 9953 .9955 9956 9957 9959 .9960 9961 .9962 9963 9964
2.7 .9965 .9966 9967 .9968 9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 .9980 .9981
2.9 19981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.0 .9987 .9987 9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 .9990 19991 9991 9991 .9992 .9992 .9992 9992 .9993 .9993
3.2 .9993 .9993 .9994 .9994 .9994 .9994 .9994 .9995 9995 9995
3.3 .9995 .9995 .9995 9996 .9996 .9996 19996 19996 9996 .9997
3.4 .9997 .9997 9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998
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